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A CORRESPONDENCE BETWEEN BOUNDARY COEFFICIENTS OF REAL
FLAG MANIFOLDS AND HEIGHT OF ROOTS
JORDAN LAMBERT AND LONARDO RABELO
Abstract. In this paper we prove a new formula for the coefficients of the cellular homology of real
flag manifolds in terms of the height of certain roots. In particular, for flag manifolds of type A, we get
a very simple formula for these coefficients and an explicit expression for the first and second homology
groups with integer coefficients.
1. Introduction
In this work we revisit the determination of the coefficient of the boundary map for the cellular ho-
mology of real flag manifolds, a problem which is equivalent to that of finding the incidence coefficients
of the differential map for the cohomology. It follows a series of previous work on this subject like
Kocherlakota [5] with its Morse Theory approach, Casian-Stanton [2] by a representation theoretical
view, Rabelo-San Martin [12] within the frame of the cellular homology and, lastly, Matszangosz [8]
throughout the cohomology of the Vassiliev complex. We prove a new formula for these coefficients in
terms of the height of certain roots.
A generalized flag manifold F is a homogeneous space G{P , where G is a real noncompact semisimple
Lie Group and P is a parabolic subgroup. It admits a cellular decomposition called Bruhat decom-
position, where the cells are the Schubert cells and parametrized by the Weyl group W. Consider
a pair of Schubert cells Sw,Sw1 such that w covers w
1, i.e., w1 ď w by the Bruhat-Chevalley order
and ℓpw1q “ ℓpwq ´ 1. In this case, there is a root β such that w “ sβ ¨ w
1. According to both [5]
and [12], we may summarize how to compute the coefficient cpw,w1q as it follows: Consider the set
Πw of positive roots sent to negative by w
´1 and denote by φpwq the sum of all such roots. Hence,
cpw,w1q “ ˘p1` p´1qκpw,w
1qq, where κ is obtained from the equation φpwq ´ φpw1q “ κpw,w1q ¨ β. The
papers [11] and [6] apply this procedure in the context of the Isotropic Grassmannians. The results
obtained in these works (for instance, see [7], Theorem 3.12) suggest a formula for the coefficients in
terms of the height of some root. This is our first Theorem, which is remarkable by its simplicity.
Theorem. If we write w “ w1 ¨ sγ, it follows that κpw,w
1q “ htpγ_q, where htpγ_q is the height of the
corresponding dual coroot γ_ with respect to the dual system of roots.
In other words, the parity of htpγ_q determines whether the coefficient cpw,w1q is zero or ˘2.
Notice the role developed by the roots β and γ or, equivalently, by the right and left actions in the
understanding of this topic.
In the context of flags of type An´1, this theorem simplifies a lot the task of computing the coefficient.
Schubert cells are parametrized by the symmetric group Sn. If we denote a permutation by the one-line
notation as w “ w1 ¨ ¨ ¨wn then w covers w
1 if and only if there is i ă j such that w “ w1 ¨ pi, jq, w1i ă w
1
j
and there is no i ă k ă j such that w1i ă wk ă w
1
j . Since the simple system of roots is equal to its
dual, it is immediate to conclude that κpw,w1q “ j ´ i (see Proposition 3.13).
It provides a very nice link between combinatorics and topology. As a consequence, we retrieve the
orientability condition for this class of flags according to Patra˜o-San Martin-Santos-Seco [9] (Proposi-
tion 3.14).
We may also go further and derive an explicit formula for 1, 2-homology of any partial flag manifold
of type A.
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Theorem. Given any partial flag manifold FΘ of type A:
(1) For n ě 3, the 1-homology is given by
H1pFΘ,Zq – pZ2q
n´|Θ|´1.
(2) For n ě 4, the 2-homology is given by
H2pFΘ,Zq – pZ2q
pn´|Θ|´1
2
q`rΘ´1,
where rΘ is the number of connected components of the Dynkin diagram of Θ.
With respect to the 1-homology group, as the abelianization of the fundamental group, it may be
also derived from the work of Wiggerman [14] which gives a presentation of Π1pFΘq with generators
in the set ΣzΘ subject to some relations. In this sense, although it is not a kind of new result, our
combinatorial approach presents a direct and simple computation for such abelianization. A similar
result that should be mentioned is that in the context of the 2-homotopy of the complex flag manifolds,
Grama-Seco ([4], Theorem 2.4) obtained by geometric methods that it is generated by 2-spheres which
are also enumerated by the complement of Θ inside Σ. With respect to the 2-homology group, Del
Barco-San Martin ([3], Theorem 4.1) has shown that it is a torsion group ZN
2
without providing any
description for N .
The article is organized as follows. In the Section 2, we introduce the main definitions about flag
manifolds, root and coroot systems, Bruhat decomposition, and combinatorics of the symmetric group.
In the next Section 3, we prove the height formula for the coefficients and derive some consequences.
Finally, in the Section 4 we point some further directions out.
2. Preliminaries
Let N “ t1, 2, 3, . . . u and Z be the set of integers. For n,m P Z, where n ď m, denote the set
rn,ms “ tn, n` 1, . . . ,mu. For n P N, denote rns “ r1, ns.
2.1. Flag Manifolds. We will begin by defining all required structure to deal with flag manifolds.
We define the flag manifolds as homogeneous spaces G{P where G is a non-compact semi-simple
Lie group and P is a parabolic subgroup of G. The flag manifolds for the several groups G with
non-compact real semi-simple Lie algebra g are the same.
If g “ k ‘ s is a Cartan decomposition, let a be a maximal abelian sub-algebra contained in s. A
sub-algebra h Ă g is said to be a Cartan sub-algebra if hC is a Cartan sub-algebra of gC. If h “ a is a
Cartan sub-algebra of g, we say that g is a split real form of gC.
Let Π be the set of roots of the pair pg, aq and fix a simple system of roots Σ Ă Π. Denote by Π˘
respectively the set of positive and negative roots and by a` the Weyl chamber a` “ tH P a : αpHq ą
0 for all α P Σu. The direct sum of root spaces corresponding to the positive roots is denoted by
n “
ř
αPΠ` gα. The Iwasawa decomposition of g is given by g “ k ‘ a ‘ n. The notations K and N
refer respectively to the connected subgroups whose Lie algebras are k and n.
A minimal parabolic sub-algebra of g is given by p “ m‘ a‘ n where m is the centralizer of a in k.
Let P be the minimal parabolic subgroup with Lie algebra p. Note that P is the normalizer of p in G.
We call F “ G{P the maximal flag manifold of G and denote by b0 the base point 1 ¨ P in G{P .
Now, assume that Θ Ă Σ is any subset of simple roots. Such a choice provides a very interesting
way to obtain several flag manifolds, called partial flag manifolds as we now explain. Denote by gpΘq
the semi-simple Lie algebra generated by g˘α, α P Θ. Let GpΘq be the connected group with Lie
algebra gpΘq. Yet, let nΘ be the sub-algebra generated by the roots spaces g´α, α P Θ and consider
pΘ “ nΘ ‘ p. The normalizer PΘ of pΘ in G is a standard parabolic subgroup which contains P .
Finally, the corresponding flag manifold FΘ “ G{PΘ is called a partial flag manifold of G of type Θ.
We denote by bΘ the base point 1 ¨ PΘ in G{PΘ.
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2.2. Root Systems and Coroots. In this section, we highlight some results about the dual system
of a root system which will play a key role in the sequel. We follow closely the book of Perrin [10].
Let E be a finite dimensional vector space. A set Π Ă E is an abstract system of roots if it is finite,
spans E and does not contain 0 and satisfies
(1) for every α P Π, there exists a reflection sα with respect to α such that sαpΠq “ Π;
(2) for every α, β P Π, sαpβq ´ β is an integer multiple of α.
The Weyl group W of the root system Π is the group generated by reflections sα, α P Π. It is
possible to show that there exists an inner product x¨, ¨y in E which is invariant by W. It follows that
sα is the corresponding orthogonal reflection
sαpβq “ β ´ 2
xβ, αy
xα,αy
α.
From the identification of E with E˚ by x¨, ¨y, for each root α P Π, let us denote by α_ “
2α
xα,αy
.
We call α_ the coroot of α. It follows that if β P Π is another root,
(1) sαpβq “ β ´ xα
_, βyα.
We know that if we choose x¨, ¨y to be the Killing form, then the set of roots Π associated to the Lie
algebra g is an abstract root system. Furthermore, the set of coroots Π˚ is also a root system in E˚
which is called the dual root system.
Proposition 2.1 ([10], Proposition 11.4.1). Let α, β P Π. Then, psαβq
_ “ sα_pβ
_q.
Hence, we derive the following corollary that will be very useful.
Corollary 2.2. Suppose that α P Π is given by α “ s1 ¨ ¨ ¨ sm´1pδmq such that si “ sδi is the simple
reflection associated to δi P Π. Then, the coroot α
_ can be written as follows
(2) α_ “ sδ_
1
¨ ¨ ¨ sδ_m´1pδ
_
mq.
A system of simple roots Σ Ă Π is a basis of E such that every root α P Π is written as a linear
combination with integer coefficients with the same signal, i.e., all of them either non-negative or non-
positive. A root system is called reduced when for α P Π, Rα X Π “ t´α,αu. Such a reduced root
system is always the set of roots of a Cartan subalgebra over an algebraically closed field. Non-reduced
root systems appear in real semi-simple Lie algebras. However, split real forms correspond to reduced
root systems.
Proposition 2.3 ([10], Prop. 11.6.13). If Π is reduced then Σ˚ “ tα_ : α P Σu is a simple root system
of Π˚.
By this Proposition, if α P Π is given in terms of the system Σ of simple roots as
(3) α “
ÿ
δPΣ
dδδ
we should obtain an analogous expression for α_ with respect to the simple root system Σ˚. Indeed,
it follows that
(4) α_ “
ÿ
δPΣ
dδ
xδ, δy
xα,αy
δ_
As a consequence, if α_ “
ř
δ_PΣ˚ d
˚
δ δ
_ is the coroot of α given by (3), the relationship between its
coefficients is given by
d˚δ “ dδ
xδ, δy
xα,αy
.
By Equation 4, we also conclude that if g is of type A,D,E then its dual root system is isomorphic
to itself while the dual root system of a lie algebra of type B is isomorphic to the root system of type
C (and vice-versa).
A CORRESPONDENCE BETWEEN COEFFICIENTS OF FLAG MANIFOLDS AND HEIGHT OF ROOTS 4
The height of the root α, denoted by htpαq is the sum of the coefficients that appear in the decom-
position of α in Equation (3)
htpαq “
ÿ
δPΣ
dδ.
2.3. Bruhat decomposition. If we consider the elements of W as product of simple reflections
si “ sαi , αi P Σ, it is defined the length ℓpwq of w P W as the number of simple reflections in any
reduced decomposition of w.
There is a partial order ď in the Weyl group called the Bruhat-Chevalley order: we say that w1 ď w2
if given a reduced decomposition w2 “ sj1 ¨ ¨ ¨ sjr then w1 “ sji1 ¨ ¨ ¨ sjik for some 1 ď i1 ď ¨ ¨ ¨ ď ir ď r.
When there exists w,w1 P W such that w1 ď w and ℓpwq “ ℓpw1q ` 1 we say that w covers w1
(alternatively, w,w1 is a covering pair). If w covers w1 and given a reduced decomposition w “ s1 ¨ ¨ ¨ sℓ
then we will denote by I the integer in rℓs such that w1 “ s1 ¨ ¨ ¨ psI ¨ ¨ ¨ sℓ, where the integer I depends
on w1 and the choice of the reduced decomposition of w. For convenience, we will sometimes refer to
this decomposition of w1 as pwI .
For the subset Θ Ă Σ, we define the subgroup WΘ generated by the reflections with respect to the
roots α P Θ. We denote by WΘ the subset of minimal representatives of the cosets of WΘ in W.
The Bruhat decomposition presents flag manifolds as union of N -orbits, namely,
FΘ “
ž
wPWΘ
N ¨ wbΘ.
Each orbit N ¨ wbΘ, w P W, is called a Bruhat cell. It is diffeomorphic to a euclidean space and, in
the case of a split real form, its dimension coincides with the length of w, i.e., dim pN ¨ wbΘq “ ℓpwq.
A Schubert variety Sw is the closure of a Bruhat cell. The Bruhat-Chevalley order also characterizes
a partial order between the corresponding Schubert varieties. It also endows the flag manifolds with a
cellular structure where Sw “
Ť
uďwN ¨ ubΘ.
2.4. Recursive formula for the roots of Πw. A very important role is developed by the set Πw “
Π`XwΠ´ composed of the positive roots sent to negative roots by w´1. If w “ s1 ¨ ¨ ¨ sm is a reduced
decomposition of w then Πw “ tβ1, . . . , βmu where
βk “ s1 ¨ ¨ ¨ sk´1pδkq , for 1 ď k ď m.(5)
In particular, we have that ℓpwq equals the cardinality of Πw. In this section, we consider a slightly
more general setting in which we derive a recursive formula for a root that is obtained after a finite
sequence of composition of reflections over a simple root. As a consequence, we obtain a formula for
those roots of Πw.
Consider a finite ordered sequence of simple roots pδ1, . . . , δmq, eventually with repetition. We are
interested in writing s1 ¨ ¨ ¨ sm´1pδmq in terms of δ1, . . . , δm. When m “ 1, it is trivial. However, as m
increases, we may observe the occurrence of a pattern. Let us show what happens for m “ 2, 3, 4 after
successive applications of Equation (1).
s1pδ2q “ δ2 ´ xδ
_
1 , δ2y δ1
s1s2pδ3q “ δ3 ´ xδ
_
2 , δ3y δ2 ` p´ xδ
_
1 , δ3y` xδ
_
1 , δ2y xδ
_
2 , δ3yq δ1
s1s2s3pδ4q “ δ4 ´ xδ
_
3 , δ4y δ3 ` p´ xδ
_
2 , δ4y` xδ
_
2 , δ3y xδ
_
3 , δ4yq δ2`
`p´ xδ_1 , δ4y` xδ
_
1 , δ2y xδ
_
2 , δ4y` xδ
_
1 , δ3y xδ
_
3 , δ4y´ xδ
_
1 , δ2y xδ
_
2 , δ3y xδ
_
3 , δ4yq δ1.
By these equations, it turns out that s1 ¨ ¨ ¨ sm´1pδmq is a combination of some integer coefficients
in terms of the roots δ1, . . . , δm. The coefficients are given as alternating sums of products of the
Killing numbers of the roots that belong to a specific interval. Besides, as m increases, the sum is
given by products of a greater number of factors. We now proceed to obtain a general formula for this
expression.
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Let us define a sum formula in terms of the ordered sequence of roots pδ1, . . . , δmq: given integers
x, y such that 1 ď x ă y ď m and 0 ď l ă y ´ x, we define
(6) P lx,ypδ1, . . . , δmq “
ÿ
xăj1ă¨¨¨ăjlăy
xδ_x , δj1y xδ
_
j1
, δj2y ¨ ¨ ¨ xδ
_
jl´1
, δjly xδ
_
jl
, δyy,
which the sum runs among all choices of l-uples x ă j1 ă ¨ ¨ ¨ ă jl ă y of the following product
xδ_x , δj1y xδ
_
j1
, δj2y ¨ ¨ ¨ xδ
_
jl
, δyy. In particular, for l “ 0 we define
(7) P 0x,ypδ1, . . . , δmq “ xδ
_
x , δyy
as the Killing number of the x-th coroot with the y-th root of the sequence pδ1, . . . , δmq.
Notice that this definition depends on the order of the roots and the integers x and y corresponds
respectively to the position in the sequence that gives the first coroot and the last root of the factors
of the product.
By definition of P , we have the following property: suppose that x ą a, for some integer a. Then
(8) P lx,ypδ1, . . . , δmq “ P
l
x´a,y´apδa`1, . . . , δmq.
In particular, if x ą 1 then we have
(9) P lx,ypδ1, . . . , δmq “ P
l
x´1,y´1pδ2, . . . , δmq.
The next lemma presents a recursive formula for P .
Lemma 2.4. Given x, y, l such that 1 ď x ă y ď m and 0 ď l ă y ´ x, we have that
P l`1x,y pδ1, . . . , δmq “
y´l´1ÿ
k“x`1
xδ_x , δkyP
l
k,ypδ1, . . . , δmq
Proof. If l “ 0, it follows that
y´1ÿ
k“x`1
xδ_x , δkyP
0
k,ypδ1, . . . , δmq“
y´1ÿ
k“x`1
xδ_x , δky xδ
_
k , δyy“
ÿ
xăkăy
xδ_x , δky xδ
_
k , δyy“P
1
x,ypδ1, . . . , δmq.
For l ą 0, it follows that
y´l´1ÿ
k“x`1
xδ_x , δkyP
l
k,ypδ1, . . . , δmq “
y´l´1ÿ
k“x`1
xδ_x , δky
ÿ
kăj1ă¨¨¨ăjlăy
xδ_k , δj1y xδ
_
j1
, δj2y ¨ ¨ ¨ xδ
_
jl´1
, δjly xδ
_
jl
, δyy
“
ÿ
xăkăj1ă¨¨¨ăjlăy
xδ_x , δky xδ
_
k , δj1y xδ
_
j1
, δj2y ¨ ¨ ¨ xδ
_
jl´1
, δjly xδ
_
jl
, δyy
“ P l`1x,y pδ1, . . . , δmq. 
It motivates the following general result.
Proposition 2.5. Let δ1, . . . , δm, with m ą 1, be an ordered sequence of simple roots whose simple
reflections are, respectively, s1, . . . , sm. Then
(10) s1 ¨ ¨ ¨ sm´1pδmq “ δm `
m´1ÿ
i“1
˜
m´i´1ÿ
l“0
p´1ql´1P li,mpδ1, . . . , δmq
¸
¨ δi.
Proof. We will prove by induction in the number m of roots. For m “ 2, we have that s1pδ2q “
δ2 ´ xδ
_
1
, δ2y δ1 which satisfies Equation (10).
For m ą 2, denote s1 ¨ ¨ ¨ sm´1pδmq “ s1pδq such that δ “ s2 ¨ ¨ ¨ sm´1pδmq. If we consider the ordered
sequence of roots δ1
1
“ δ2, . . . , δ
1
m´1 “ δm which has pm ´ 1q elements, it is possible to apply the
inductive hypothesis in δ such that
δ “ s2 ¨ ¨ ¨ sm´1pδmq “ δ
1
m´1 `
pm´1q´1ÿ
i“1
¨˝
pm´1q´i´1ÿ
l“0
p´1ql´1P li,m´1pδ
1
1, . . . , δ
1
m´1q‚˛¨ δ1i
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“ δm `
m´1ÿ
i“2
˜
m´i´1ÿ
l“0
p´1ql´1P li´1,m´1pδ2, . . . , δmq
¸
¨ δi.
For every 2 ď i ď m´1 and 0 ď l ď m´ i´1, by Equation (9), we have that P li´1,m´1pδ2, . . . , δmq “
P li,mpδ1, δ2, . . . , δmq. Then,
s1pδq “ s1
˜
δm `
m´1ÿ
i“2
˜
m´i´1ÿ
l“0
p´1ql´1P li,mpδ1, δ2, . . . , δmq
¸
¨ δi
¸
“ δm `
m´1ÿ
i“2
˜
m´i´1ÿ
l“0
p´1ql´1P li,mpδ1, δ2, . . . , δmq
¸
¨ δi
´ xδ_1 , δm `
m´1ÿ
i“2
˜
m´i´1ÿ
l“0
p´1ql´1P li,mpδ1, δ2, . . . , δmq
¸
¨ δiy ¨ δ1
All coefficients which accompany δ2, . . . , δm are equal to the respective coefficients in Equation (10).
It remains to verify that it is also true for the coefficients that accompany the root δ1 in both equations,
i.e.,
m´2ÿ
l“0
p´1ql´1P l1,mpδ1, . . . , δmq“´ xδ
_
1 , δmy´
m´1ÿ
i“2
m´i´1ÿ
l“0
p´1ql´1P li,mpδ1, δ2, . . . , δmq ¨ xδ
_
1 , δiy .
We will show that the right side is equal to the left one. Firstly, by a change in the order of the
summation, we have that
m´1ÿ
i“2
m´i´1ÿ
l“0
p´1ql´1P li,mpδ1, δ2, . . . , δmq ¨ xδ
_
1 , δiy
“
m´3ÿ
l“0
p´1ql´1
m´l´1ÿ
i“2
xδ_1 , δiyP
l
i,mpδ1, δ2, . . . , δmq
“
m´3ÿ
l“0
p´1ql´1P l`1
1,m pδ1, . . . , δmq pby Lemma 2.4q
Finally, by definition, ´xδ_
1
, δmy “ ´P
0
1,mpδ1, . . . , δmq. Hence,
´xδ_1 , δmy´
m´1ÿ
i“2
m´i´1ÿ
l“0
p´1ql´1P li,mpδ1, δ2, . . . , δmq ¨ xδ
_
1 , δiy
“ ´P 01,mpδ1, . . . , δmq `
m´3ÿ
l“0
p´1qlP l`1
1,m pδ1, . . . , δmq “
m´2ÿ
l“0
p´1ql´1P l1,mpδ1, . . . , δmq. 
3. A new formula for coefficient of the boundary map
In this section we present a formula for the coefficients of the boundary map of real flag manifolds
by means of the height of some roots in the Lie algebra. Our main applications will be given alone in
the context of split real forms.
3.1. Algebraic Expression for the coefficients. Let us begin by reviewing some main results about
the determination of the cellular homology coefficients following [12]. We start in the context of the
maximal flag manifold F. Given a Schubert variety Sw, we fix once and for all reduced decompositions
w “ s1 ¨ ¨ ¨ sℓ
as a product of simple reflections, for each w P W, with ℓ “ ℓpwq. Let C be the Z-module freely
generated by Sw, w P W. The boundary map B defined over C is given by BSw “
ř
w1 cpw,w
1qSw1 ,
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where cpw,w1q P Z in such way that non-trivial coefficients may occur when w covers w1. Furthermore,
the non-trivial coefficients must be equal to ˘2 ([12], Theorem 2.2).
Notice also that, by [12] Proposition 1.10, the condition for w,w1 to be a covering pair is equivalent
to say that if w “ s1 ¨ ¨ ¨ sℓ is a reduced decomposition of w P W as a product of simple reflections,
then w1 “ s1 ¨ ¨ ¨ psI ¨ ¨ ¨ sℓ is a uniquely defined reduced decomposition with gpαIq – slp2,Rq.
It will also be useful to denote by v “ s1 ¨ ¨ ¨ sI´1 and u “ sI`1 ¨ ¨ ¨ sℓ such that w
1 “ v ¨ u. There are
roots not necessarily simple β “ vpαIq and γ “ u
´1pαIq such that
w “ sβ ¨ w
1 and w “ w1 ¨ sγ .
Let us determine if cpw,w1q is either 0 or ˘2. We define
(11) σpw,w1q “
ÿ
δPΠu
xα_I , δy ¨ dim gδ
For w P W, let
φpwq “
ÿ
δPΠw
dim gδ ¨ δ
The following results show how we determine when cpw,w1q is either 0 or ˘2.
Proposition 3.1 ([12], Proposition 2.7). Let β the unique root such that w “ sβw
1. Then
φpwq ´ φpw1q “ κpw,w1q ¨ β
where κpw,w1q “ 1´ σpw,w1q.
Theorem 3.2 ([12], Thm. 2.8, [5], Thm. 1.1.4). Suppose that w covers w1. Then the coefficient
cpw,w1q is given as follows:
cpw,w1q “ ˘
´
1` p´1qκpw,w
1q
¯
Now, we address the question about the determination of the signal. This method is developed in
[12] whose argument is based on the reduced decompositions of the elements w P W.
For each w fix a reduced decomposition. There is a first p´1qI ingredient which is related with the
deleted position. The second component appears when the fixed reduced decomposition for w1 is not
equal to that pwI . According to [12] Proposition 1.9, there are characteristic maps for Sw1 given by
Φw1 : Bw1 Ñ Sw1 and Φ pwI : B pwI Ñ Sw1 , where Bw1 and B pwI are balls of dimension ℓpw1q. The first map
is obtained by the choice of reduced decomposition for w1 whereas the latter follows from the deletion
operation. In addition, there is a property where both maps Φw1 and Φ pwI are diffeomorphisms when
restricted to the interior of the respective balls.
Theorem 3.3 ([12], Theorem 2.8). cpw,w1q “ p´1qI ¨ deg
`
Φ´1w1 ˝Φ pwI˘ ¨ p1` p´1qκpw,w1qq.
Remark 3.4. When both reduced decompositions w1 and pwI are equal then deg `Φ´1w1 ˝ Φ pwI˘ “ 1.
We compute the degree of the composition Φ´1w ˝ Φ pwI considered as map between spheres in which
the boundaries of the balls are collapsed to points.
Bw1
Φw1 //

Sw1

B pwIΦ pwIoo

Bw1{BpBw1q // σw1 B pwI {BpB pwI qoo
We denote by σw1 “ Sw1{pSw1zN ¨w
1b0q the space obtained by identifying the complement of the Bruhat
cell N ¨ w1b0 to a point.
Remark 3.5. Let Θ Ă Σ and consider the partial flag manifold FΘ. The coefficients cpw,w
1q, where
w,w1 P WΘ, are obtained in the same way as a restriction of the boundary operator to the Z-module
generated by the corresponding Schubert cells (for details, see [12] Theorem 3.4).
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3.2. Height formula. We now seek to find a formula for the coefficients of the cellular homology in
terms of the height of the roots.
This formula previously established for κpw,w1q takes the relationship of w and w1 by a left action
(w “ sβ ¨w
1) into account. We will show how to obtain an equivalent expression by exploring the right
action, i.e, w “ w1 ¨ sγ , which becomes impressively simple for split real forms.
Assume that w “ s1 ¨ ¨ ¨ sℓ and w
1 “ s1 ¨ ¨ ¨ psI ¨ ¨ ¨ sℓ “ v ¨u, with v “ s1 ¨ ¨ ¨ sI´1 and u “ sI`1 ¨ ¨ ¨ sℓ, be
reduced decompositions such that pδ1, . . . , δℓq is the corresponding sequence of simple roots associated
with this decomposition. Our strategy consists on finding an explicit computation of σpw,w1q as defined
in Equation (11) in terms of the root u. When u is non-trivial, by Equation (5), recall that the roots
of Πu “ Π
` X uΠ´ are given by
βj “ sI`1 ¨ ¨ ¨ sj´1pδjq, j P rI ` 1, ℓs.
Lemma 3.6. For every j P rI ` 1, ℓs,
xδ_I , βjy “
j´I´1ÿ
l“0
p´1qlP lI,jpδ1, . . . , δℓq.
Proof. If j “ I ` 1, by the definition of P , it follows that
j´I´1ÿ
l“0
p´1qlP lI,jpδ1, . . . , δℓq “ p´1q
0P 0I,I`1pδ1, . . . , δℓq “ xδ
_
I , δI`1y .
Now, suppose that j ą I ` 1 (i.e., I ă ℓ´ 1). The root βj may be written as
βj “ sI`1 ¨ ¨ ¨ sj´1pδjq “ s
1
1 ¨ ¨ ¨ s
1
j´I´1pδ
1
j´Iq,
where s1k “ sI`k for k P rj ´ Is with its respective roots. By Proposition 2.5,
βj “ δ
1
j´I `
j´I´1ÿ
k“1
˜
j´I´k´1ÿ
l“0
p´1ql´1P lk,j´ipδ
1
1, . . . , δ
1
j´Iq
¸
¨ δ1k
“ δj `
j´I´1ÿ
k“1
˜
j´I´k´1ÿ
l“0
p´1ql´1P lk,j´IpδI`1, . . . , δjq
¸
¨ δI`k.
By Equation (8),
P lk,j´IpδI`1, . . . , δjq “ P
l
k`I,jpδ1, . . . , δjq “ P
l
k`I,jpδ1, . . . , δj , . . . , δℓq.
We may write the roots βj as
βj “ δj `
j´I´1ÿ
k“1
˜
j´I´k´1ÿ
l“0
p´1ql´1P lk`I,jpδ1, . . . , δℓq
¸
¨ δI`k
“ δj `
j´1ÿ
k“I`1
˜
j´k´1ÿ
l“0
p´1ql´1P lk,jpδ1, . . . , δℓq
¸
¨ δk.
Hence,
xδ_I , βjy “ xδ
_
I , δjy`
j´1ÿ
k“I`1
j´k´1ÿ
l“0
p´1ql´1P lk,jpδ1, . . . , δℓq xδ
_
I , δky .
By a change in order of the summation, we have that
xδ_I , βjy “ P
0
I,jpδ1, . . . , δℓq `
j´I´2ÿ
l“0
j´l´1ÿ
k“I`1
p´1ql´1P lk,jpδ1, . . . , δℓq xδ
_
I , δky
“ P 0I,jpδ1, . . . , δℓq `
j´I´2ÿ
l“0
p´1ql´1
j´l´1ÿ
k“I`1
xδ_I , δkyP
l
k,jpδ1, . . . , δℓq
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“ P 0I,jpδ1, . . . , δℓq `
j´I´2ÿ
l“0
p´1ql´1P l`1I,j pδ1, . . . , δℓq pby Lemma 2.4q
“
j´I´1ÿ
l“0
p´1qlP lI,jpδ1, . . . , δℓq. 
Corollary 3.7. κpw,w1q “ 1`
ℓÿ
j“I`1
˜
j´I´1ÿ
l“0
p´1ql´1P lI,jpδ1, . . . , δℓq
¸
¨ dim
`
gβj
˘
.
Proof. It follows as a direct application of the Lemma 3.6 on Equation 11. 
The expression of κ in Corollary 3.7 becomes plausible when the Lie algebra is a split real form.
Theorem 3.8. Assume that g is a split real form. Let γ “ u´1pδIq be the root for which w “ w
1 ¨ sγ.
Then
κpw,w1q “ htpγ_q,
where htpγ_q is the height of the coroot γ_ in the dual root system Π˚.
Proof. By hypothesis, g is split real form, which means that dim gα “ 1, for every root α P Π. First of
all, if I “ ℓ then γ “ δℓ is a simple root and γ
_ “ δ_ℓ . Hence, κpw,w
1q “ 1 “ htpγ_q.
Suppose that I ă ℓ, the root γ can be written as γ “ sℓsℓ´1 ¨ ¨ ¨ sI`1pδIq. By Corollary 2.2, the
coroot of γ is γ_ “ sδ_
ℓ
sδ_
ℓ´1
¨ ¨ ¨ sδ_
I`1
pδ_I q. Consider the sequence of coroots δ
1
1, . . . , δ
1
ℓ´I`1 given by
δ1j “ δ
_
ℓ´j`1, for j P rℓ´ I ` 1s, and their simple reflections s
1
1 “ sδ_ℓ , . . . , s
1
ℓ´I`1 “ sδ_I . By Proposition
2.5,
γ_ “ s11 . . . s
1
ℓ´Ipδ
1
ℓ´I`1q “ δ
1
ℓ´I`1 `
ℓ´Iÿ
j“1
˜
ℓ´I´jÿ
l“0
p´1ql´1P lj,ℓ´I`1pδ
1
1, . . . , δ
1
ℓ´I`1q
¸
¨ δ1j
“ δ_I `
ℓ´Iÿ
j“1
˜
ℓ´I´jÿ
l“0
p´1ql´1P lj,ℓ´I`1pδ
_
ℓ , . . . , δ
_
I q
¸
¨ δ_ℓ´j`1
“ δ_I `
ℓÿ
j“I`1
˜
j´I´1ÿ
l“0
p´1ql´1P lℓ´j`1,ℓ´I`1pδ
_
ℓ , . . . , δ
_
I q
¸
¨ δ_j ,
where we have replaced j by ℓ´ j ` 1 in the last equation. For every j P rI ` 1, ℓs,
P 0ℓ´j`1,ℓ´I`1pδ
_
ℓ , . . . , δ
_
I q “ P
0
ℓ´j`1,ℓ´I`1pδ
1
1, . . . , δ
1
ℓ´I`1q “ xδ
1_
ℓ´j`1, δ
1
ℓ´I`1y “ xδ
__
j , δ
_
I y
“ xδ_I , δjy “ P
0
I,jpδ1, . . . , δℓq
since δj “ δ
__
j . For j P rI ` 1, ℓs and l P rj ´ I ´ 1s,
P lℓ´j`1,ℓ´I`1pδ
_
ℓ , . . . , δ
_
I q “ P
l
ℓ´j`1,ℓ´I`1pδ
1
1, . . . , δ
1
ℓ´I`1q
“
ÿ
ℓ´j`1ăj1ă¨¨¨ăjlăℓ´I`1
xδ1_ℓ´j`1, δ
1
j1
y xδ1_j1 , δ
1
j2
y ¨ ¨ ¨ xδ1_jl , δ
1
ℓ´I`1y
“
ÿ
ℓ´j`1ăj1ă¨¨¨ăjlăℓ´I`1
xδ__j , δ
_
ℓ´j1`1y ¨ ¨ ¨ xδ
__
ℓ´jl`1
, δ_I y
“
ÿ
jąℓ´j1`1ą¨¨¨ąℓ´jl`1ąI
xδ_ℓ´j1`1, δjy ¨ ¨ ¨ xδ
_
I , δℓ´jl`1y
“
ÿ
Iăk1ă¨¨¨ăklăj
xδ_I , δk1y ¨ ¨ ¨ xδ
_
kl
, δjy “ P
l
I,jpδ1, . . . , δℓq.
Hence,
γ_ “ δ_I `
ℓÿ
j“I`1
˜
j´I´1ÿ
l“0
p´1ql´1P lI,jpδℓ, . . . , δIq
¸
¨ δ_j .
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Therefore, by Corollary 3.7, the height of the coroot γ_ is
htpγ_q “ 1`
ℓÿ
j“I`1
˜
j´I´1ÿ
l“0
p´1ql´1P lI,jpδℓ, . . . , δIq
¸
“ κpw,w1q. 
Corollary 3.9. Let g be a Lie algebra of type An,Dn, E6, E7 or E8. Then
κpw,w1q “ htpγq
Proof. In the context of a split real form of a Lie algebra of type An,Dn, E6, E7 or E8, all roots have
the same length. Then, htpαq “ htpα_q for all α P Π. 
Remark 3.10. We can use Theorem 3.8 to get the formula for F4 and G2 Lie algebras. If g is a Lie
algebra of type F4, suppose that the simple roots are ordered canonically as follows
a1 a2 a3 a4
. Then,
κpw,w1q “ htprγq
where rγ is the root obtained from γ by reversing the simple roots Σ “ ta1, a2, a3, a4u to Σ_ “
ta4, a3, a2, a1u, respectively, since the dual simple roots correspond to reverse roots in the Dynkin dia-
gram, i.e., a_1 “ a4, a
_
2 “ a3, a
_
3 “ a2, a
_
4 “ a1. The same idea applies to the Lie algebra G2.
Remark 3.11. We also can use Theorem 3.8 to get the formula for Bn and Cn Lie algebras from the
isomorphism Π˚B – ΠC . For instance, in the context of isotropic and odd orthogonal Grassmannians,
it coincides with Theorem 3.12 of [7].
3.3. Type A case. In this section, we present some immediate consequences of Theorem 3.8 for flags
associated with type A Lie algebras. It emphasizes the convenience of the permutation model the
symmetric group provides parametrizing the Schubert cells.
Let G “ Slpn,Rq be a Lie group of type A and Σ “ ta1, . . . , an´1u the simple roots ordered as it
follows:
a1 a2 an´1
The respective Weyl group W is the symmetric group Sn. We denote a permutation w P Sn in the
one-line notation by w “ w1w2 ¨ ¨ ¨wℓ where wi “ wpiq for all i “ 1, . . . , ℓ.
The following lemma provides a characterization of the covering relation of two permutations using
the one-line notation.
Lemma 3.12 ([1], Lemma 2.1.4). Let w,w1 P Sn. Then, w covers w
1 in the Bruhat order if and only
if w “ w1 ¨ pi, jq for some transposition pi, jq with i ă j such that w1piq ă w1pjq and there does not exist
any k such that i ă k ă j, w1piq ă w1pkq ă w1pjq.
The lemma says that if w “ w1 ¨ ¨ ¨wn is the one-line notation of w P Sn then w
1 is covered by w if
and only if the one-line notation of w1 is obtained from w by switching the values in position i and j,
for some pair i ă j and such that no value between positions i and j lies in rwpjq, wpiqs.
The next proposition follows from the covering relation stated in Lemma 3.12.
Proposition 3.13. Let w,w1 P Sn such that w
1 is covered by w, i.e., w “ w1 ¨ pi, jq for some i ă j.
Then, the coefficient κpw,w1q is given by
κpw,w1q “ j ´ i.
In particular, cpw,w1q “ 0 if, and only if, j ´ i is odd.
Proof. Since γ is the root such that w “ w1sγ , the transposition pi, jq is the reflection sγ through
γ. Considering the simple reflections si “ sai , for ai P Σ, a reduced decomposition for pi, jq is
sj´1 ¨ ¨ ¨ si`1sisi`1 ¨ ¨ ¨ sj´1. Using the fact that swpαq “ wsαw
´1 we have pi, jq “ ssj´1¨¨¨si`1paiq and,
then, γ “ sj´1 ¨ ¨ ¨ si`1paiq. Applying Proposition 2.5, the root γ is the sum of simple roots ai` ai`1`
¨ ¨ ¨ ` aj´1. Therefore, by Corollary 3.9, κpw,w
1q “ htpγq “ j ´ i. 
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This proposition simplifies a lot the task to compute the boundary coefficient. For instance, given
w “ 1 3 7 5 8 2 9 4 6 and w1 “ 1 3 72 85 9 4 6, we see that w “ w1 ¨ p4, 6q. Hence, κpw,w1q “ 4 ´ 2 “ 2
and cpw,w1q “ ˘p1` p´1qκpw,w
1qq “ ˘2.
Let us give a combinatorial proof of the condition for the orientability of any real flag manifold of
type A ([9], Proposition 4.1) as a direct application of Proposition 3.13.
Proposition 3.14. Let the complement of Θ with respect to Σ be the set of roots tad1 , ad2 , . . . , adku
where d0 “ 0 ă d1 ă ¨ ¨ ¨ ă dk ă n “ dk`1. Then, the flag manifold FΘ is orientable if and only if
dj`1 ´ dj have the same parity, for every j P rks.
Proof. We will establish a criterion for orientability by seeking in which condition the top dimensional
homology group is Z. Let us begin with the (unique) Schubert top cell SwΘ. The associated permutation
wΘ is the longest permutation (with respect to the Bruhat order) with descents at positions d1, . . . , dk.
In one-line notation,
wΘ “ pdk ` 1q ¨ ¨ ¨ n|pdk´1 ` 1q ¨ ¨ ¨ dk| ¨ ¨ ¨ |1 ¨ ¨ ¨ d1
There are k Schubert cells SpwΘq1j , j P rks, covered by SwΘ . For each j P rks, the corresponding
permutations of wΘ and pwΘq
1
j differ only by the values at positions dj´1 ` 1 and dj`1, where we
consider d0 “ 0 and dk`1 “ n, i.e.,
wΘ “ pwΘq
1
j ¨ pdj´1 ` 1, dj`1q.
By Proposition 3.13, it follows that
κpwΘ, pwΘq
1
jq “ dj`1 ´ pdj´1 ` 1q,
i.e., cpwΘ, pwΘq
1
jq “ 0 if and only if pdj`1´dj´1q is even. Since dj`1´dj´1 “ pdj`1´djq`pdj´dj´1q,
BSwΘ“0 if and only if dj`1´dj have the same parity, for every j. 
3.4. Low-dimensional integral homology. We now seek a formula for the 1,2-homology for partial
flag manifolds of type A. This require to introduce a few combinatorial notations.
The code (also called Lehmer code) of a permutation w P Sn is an integer sequence α with αi “
#tk ą i | wk ă wiu and it will be denoted by codepwq. In other word, each entry of the code
corresponds to the number of inversions to the right of wi. It’s clear that 0 ď αi ď n ´ i. The code
provides a bijection between Sn and the set r0, n ´ 1s ˆ r0, n ´ 2s ˆ ¨ ¨ ¨ ˆ r0, 1s.
Given w P Sn, the code spectrum of w is the unique partition 0 ă b1 ď b2 ď ¨ ¨ ¨ ď bl ă n such
that the code α of w is given by αi “ #tj : bj “ iu. We will denote by Jb1, ¨ ¨ ¨ , bℓK the permutation
w given by such code spectrum to distinguish it from the other notations. For instance, w P S5 such
that codepwq “ p0, 2, 0, 1q then its code spectrum is p2, 2, 4q, i.e, w “ J2, 2, 4K.
This notation allows us to easily describe permutations with some choose length. Let us describe
all permutations w P Sn with length up to three:
‚ si “ JiK for i P rn´ 1s;
‚ sisj “ Ji, jK for i ă j and i, j P rn´ 1s;
‚ si`1si “ Ji, iK for i P rn´ 2s;
‚ sisjsk “ Ji, j, kK for i ă j ă k and i, j, k P rn´ 1s;
‚ si`1sisk “ Ji, i, kK for i ă k and i, k P rn´ 1s;
‚ sisj`1sj “ Ji, j, jK for i ă j and i, j P rn´ 2s;
‚ si`2si`1si “ Ji, i, iK for i P rn´ 3s.
When we require to fix a reduced decomposition, we will choose the ones as above.
The following lemma provides us all the boundary maps required to compute 1,2-homology of any
partial flag manifold of type A.
Lemma 3.15.
(1) BSJiK “ 0, for i P rn´ 2s;
(2) BSJi,iK “ ´2SJiK, for i P rn ´ 2s;
(3) BSJi,i`1K “ ´2SJi`1K, for i P rn´ 2s;
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(4) BSJi,jK “ 0, for i P rn´ 3s and j P ri` 2, n´ 1s.
(5) BSJi,j´1,jK “ 2SJi,jK, for i P rn´ 3s and j P ri` 2, n´ 1s;
(6) BSJi,i`1,i`1K “ 2SJi,i`1K ´ 2SJi`1,i`1K for i P rn´ 3s;
Proof. Proposition 3.13 gives us when the coefficient is ˘2. Recall that pwI is the reduced decomposition
of w1 obtained by removing the I-th simple reflection of w. To get the sign we can observe that if we
choose to fix the reduced decomposition for w and w1 as given above, both reduced decompositions
w1 and pwI are exactly the same. Then, Φw1 “ Φ pwI and deg `Φ´1w1 ˝ Φ pwI˘ “ 1. Then, the sign of the
coefficient is given by p´1qI . Therefore,
(1) For i P rn´ 1s, cpJiK, eq “ 0;
(2) For i P rn´ 2s, cpJi, iK, JiKq “ ´2 and cpJi, iK, Ji ` 1Kq “ 0;
(3) For i P rn´ 2s, cpJi, i` 1K, Ji` 1Kq “ ´2 and cpJi, i ` 1K, JiKq “ 0;
(4) For i P rn´ 3s and j P ri` 2, n´ 1s, cpJi, jK, JiKq “ 0 and cpJi, jK, JjKq “ 0;
(5) For i P rn´ 3s and j P ri` 2, n´ 1s, cpJi, j ´ 1, jK, Jj ´ 1, jKq “ 0, cpJi, j ´ 1, jK, Ji, jKq “ 2, and
cpJi, j ´ 1, jK, Ji, j ´ 1Kq “ 0;
(6) For i P rn ´ 3s, cpJi, i ` 1, i ` 1K, Ji ` 1, i ` 1Kq “ ´2, cpJi, i ` 1, i ` 1K, Ji, i ` 1Kq “ 2, and
cpJi, i ` 1, i` 1K, Ji, i` 2Kq “ 0.

Denote by rΘ the number of connected components of the Dynkin diagram of Θ.
Theorem 3.16. Consider a partial flag manifold FΘ of type A, where Θ Ă Σ.
(1) For n ě 3, the 1-homology is given by
H1pFΘ,Zq – pZ2q
n´|Θ|´1.
(2) For n ě 4, the 2-homology of is given by
H2pFΘ,Zq – pZ2q
NΘ
where NΘ “
`
n´|Θ|´1
2
˘
` rΘ ´ 1.
Proof. To compute the 1-homology, suppose that Σ ´ Θ “ tad1 , ad2 , . . . , adku where 0 ă d1 ă ¨ ¨ ¨ ă
dk ă n. All permutations of length 1 in W
Θ are in the form JdiK. By Lemma 3.15, the kernel kerpBΘq
is generated by SJdiK, i P rks.
For every i P rks such that di ă n´ 1, we have that BSJdi,diK “ ´2SJdiK. The only exception is when
dk “ n´ 1. In this case, BSJdk´1,dkK “ ´2SJdkK. We conclude that H1pFΘ,Zq has no free part and the
set tJdiK : i P rksu generates the torsion, i.e, H1pFΘ,Zq – pZ2q
k.
To compute the 2-homology, let us prove that it has no free part, i.e., H2pFΘ,Zq – pZ2q
x for some
integer x. Consider the maximal flag manifold F.
By Lemma 3.15, the kernel kerpBq is generated by
‚ Xi,j “ SJi,jK, for i P rn ´ 3s and j P ri` 2, n ´ 1s;
‚ Xi,i`1 “ SJi,i`1K ´ SJi`1,i`1K, for i P rn´ 3s.
Notice that we do not allow Xn´2,n´2 since Jn´ 1, n ´ 1K R Sn. Also by Lemma 3.15, we have that
each Xi,j is image through B of the following Schubert cells:
BSJi,j´1,jK “ 2Xi,j , for i P rn´ 3s and j P ri` 2, n ´ 1s,
BSJi,i`1,i`1K “ 2Xi,i`1, for i P rn´ 3s.
These generators Xi,j are indexed by the set I2 of pairs pi, jq given by
I2 “ tpi, jq : i P rn ´ 3s and j P ri` 1, n ´ 1su “ tpi, jq P rn´ 1s
2 : i ă ju ´ tpn ´ 2, n´ 1qu.
Hence, H2pF,Zq – pZ2q
|I2| “ pZ2q
pn´1
2
q´1 since I2 counts the number of 2-combinations in n ´ 1
elements but one.
For the partial flag manifold FΘ, consider the following cases:
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‚ if Ji, jK P WΘ such that i P rn´ 3s and j P ri` 2, n´ 1s then Ji, j ´ 1, jK P WΘ. Hence, Xi,j is
a generator of the torsion of H2pFΘ,Zq;
‚ if Ji, i ` 1K P WΘ for i P rn ´ 3s then Ji ` 1, i ` 1K P WΘ and Ji, i ` 1, i ` 1K P WΘ. Hence,
Xi,i`1 is a generator of the torsion of H2pFΘ,Zq.
Therefore, the 2-homology has no free part and the torsion is generated by all Xi,j such that
Ji, jK P WΘ, i.e., H2pFΘ,Zq – pZ2q
|tpi,jqPI2 : Ji,jKPWΘu|.
Finally, we will prove that |tpi, jq P I2 : Ji, jK P W
Θu| “ NΘ by induction on the cardinality of Θ. If
|Θ| “ 0 then |I2| “
`
n´1
2
˘
´ 1 “ NH. Suppose, by induction, that |tpi, jq P I2 : Ji, jK P W
∆u| “ N∆ for
any strict subset ∆ of Θ.
Assume that ∆ “ Θ´taku, for k P rn´ 1s, where ak is the greatest simple root (with respect to Σ)
in Θ. Since WΘ Ă W∆, by induction
(12) |tpi, jq P I2 : Ji, jK P W
Θu| “ N∆ ´ |tpi, jq P I2 : Ji, jK P W
∆zWΘu|
Let us compute |tpi, jq P I2 : Ji, jK P W
∆zWΘu|. Given pi, jq P I2 such that Ji, jK P W
∆, consider
the following cases:
‚ if i ‰ k and j ‰ k then Ji, jK P WΘ;
‚ if i “ k and j “ k ` 1 then Ji, jK P WΘ;
‚ if i “ k and j ą k ` 1 then Ji, jK R WΘ;
‚ if j “ k then Ji, jK R WΘ.
Thus,
|tpi, jq P I2 : Ji, jK P W
∆zWΘu| “|tpi, jq P I2 : i “ k, j ą k ` 1, and Ji, jK P W
∆u|`
` |tpi, jq P I2 : j “ k and Ji, jK P W
∆u|.
Since ak is the greatest root of Θ then
|tpi, jq P I2 : i “ k, j ą k ` 1, and Ji, jK P W
∆u| “ |tj : j P rk ` 2, n ´ 1su|
“
"
n´ k ´ 2 if k ă n´ 1,
0 if k “ n´ 1.
On the other hand,
|tpi, jq P I2 : j “ k and Ji, jK P W
∆u| “
“ |ti : i P rk ´ 1s X rn´ 3s and ai R ∆u| `
"
1 if ak´1 P ∆,
0 otherwise.
“ |ti : i P rk ´ 1s X rn´ 3s and ai R ∆u| ` p1´ prΘ ´ r∆qq
“ 1´ prΘ ´ r∆q `
"
k ´ 1´ |∆| if k ă n´ 1,
n´ 3´ |∆| if k “ n´ 1.
“ k ´ |∆| ´ rΘ ` r∆ `
"
0 if k ă n´ 1,
´1 if k “ n´ 1.
Hence, |tpi, jq P I2 : Ji, jK P W
∆zWΘu| “ n´ |∆| ´ 2´ rΘ ` r∆ and, by Equation (12),
|tpi, jq P I2 : Ji, jK P W
Θu| “
ˆ
n´ |∆| ´ 1
2
˙
` r∆ ´ 1´ pn´ |∆| ´ 2´ rΘ ` r∆q
“
pn´ |∆| ´ 2qpn ´ |∆| ´ 3q
2
` rΘ ´ 1 “
ˆ
n´ p|∆| ` 1q ´ 1
2
˙
` rΘ ´ 1 “ NΘ. 
4. Final comments and further directions
We would like to highlight that, although this is a classical theme – topology of real flag manifolds
such as Projective spaces and Grassmannian manifolds – we have not found in the literature such simple
formula to compute its homology groups. Its remarkable how simple are the formulas for 1,2-homology
of partial flag manifolds of type A.
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With the results obtained in this paper, we are able to visualize other directions to research as listed
below.
‚ For type A flag manifolds, it seems possible to get a formula for 3, 4-homology. It will require
to get a better understanding of the coefficient since the degree in Theorem 3.3 are not as
easy to compute. A forthcoming paper will deal with the combinatorics involved to explicitly
compute the sign in the type A case.
‚ Theorem 3.8 provides a formula of the boundary coefficient for split real forms. It is reasonable
to ask about low dimensional homology of other types of flag manifolds. This would require to
get a nicer combinatorial model for the Weyl group.
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